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ABSTRACT
In a previous paper, we presented a (noncanonical)

Hamiltonian model for the dynamic interaction of a neutrally
buoyant rigid body of arbitrary smooth shape with N closed
vortex filaments of arbitrary smooth shape, modeled as curves,
in an infinite ideal fluid in R

3. In this paper, we focus on the
case when the body is a smooth sphere. The equations of mo-
tion and Hamiltonian structure of this dynamic system, which
follow from the general model, are presented. Following this,
we impose the constraint of axisymmetry on the entire system
and look at the case when the rings are all circles perpendic-
ular to a common axis of symmetry passing through the cen-
ter of the sphere. This axisymmetric model, in our idealized
framework, is governed by ordinary differential equations and
is, relatively speaking, easily integrated numerically. Finally,
we present some plots of dynamic orbits of the axisymmetric
system.

NOMENCLATURE
a: radius vector of sphere

∗Address all correspondence to this author.

a =| a |
Γi: strength ofith ring
U: translation velocity vector of sphere= Ub in the axisym-

metric model
L: ‘linear momentum’ of body+fluid system= Lb in the ax-

isymmetric model
M: mass plus added mass of sphere
Ci: arc-length parameterized curve representingith ring
si: arc-length parameter ofith ring
Ri: radius ofith ring in the axisymmetric model
zi: position of (center of)ith ring along axis of symmetry

measured from origin of body-fixed frame
uR,i: velocity field due to theith ring in unbounded flow
uI,i: velocity field of image ofith ring
uSI,i: self-induced velocity ofith ring, for the axisymmetric

modeluSI,i = uLI,ib whereLI stands for the local in-
duction approximation

ΦI,i: velocity potential ofuI,i

ΦB: velocity potential of the Kirchhoff velocity field
∇Φ B: Kirchhoff velocity field
ni: principal unit normal field onith ring
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b: unit binormal field—parallel to axis of symmetry for all
rings

ti: unit tangent field onith ring

Ni j: ni component ofuR, j |Ci

Bi j: b component ofuR, j |Ci

Ni j: ni component ofuI, j |Ci

Bi j: b component ofuI, j |Ci

Ni: ni component of∇Φ B |Ci

Bi: b component of∇Φ B |Ci

∂B: surface of sphere

INTRODUCTION
The objective of this paper is essentially twofold. First, we

want to present the equations of motion and the Hamiltonian
structure of the system consisting of a neutrally buoyant rigid
sphere interacting dynamically withN arbitrarily-shaped and
arbitrarily-oriented vortex rings, modeled asN closed curves
in R

3, as in Figure 1. These equations and Hamiltonian struc-
ture will be derived as a special case of the model described
in [1]. The simple geometry of the sphere allows an explicit
representation of the image velocity field of the rings and we
will follow the work of [2] for this. Second, with a view to
studying dynamic orbits of such a system, we focus on the
case of an axisymmetric configuration in which the rings are
all circles (in parallel planes) with centers along a common line
passing through the center of the sphere, as in Figure 2. For
this axisymmetric case, the system equations become ordinary
differential equations and are thus easily integrated numeri-
cally.

Motivations for constructing models like these come from
locomotion problems in a fluid environment–both in nature
and engineering–such as, for example, the swimming of neu-
trally buoyant fish and the energy-efficient design of small, au-
tonomous underwater vehicles where coherent vortical struc-
tures in the vicinity of the moving body play an important role.
Other potential applications, more in line with the theme of this
conference, include transport phenomena of small particles in
a fluid environment or of particles in microgravity environ-
ments. The models incorporate nonlinear effects and, within
an inviscid framework, fully couple the solid-fluid dynamics.
It is of course necessary to develop these models more, in par-
ticular to include the effects of fluid viscosity and, perhaps,
turbulence. Nevertheless, as a start, these non-trivial, low-
dimensional models provide a platform for applying the pow-
erful theoretical tools of dynamical systems and nonlinear con-
trol to study the complex phenomena of solid-fluid interactions
in locomotion problems.
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Figure 1. A SCHEMATIC VIEW OFN RINGS OF ARBITRARY SHAPE

AND A NEUTRALLY BUOYANT RIGID SPHERE INTERACTING WITH

EACH OTHER IN AN INVISCID, INCOMPRESSIBLE FLOW.

zi

RRii

l
i

t
i

b

ni

U

Figure 2. A SCHEMATIC VIEW OF N AXISYMMETRIC CIRCULAR

RINGS AND A NEUTRALLY BUOYANT RIGID SPHERE INTERACTING

WITH EACH OTHER IN AN INVISCID, INCOMPRESSIBLE FLOW.

EQUATIONS OF MOTION
Problem Setting and Assumptions.

The problem setting and underlying assumptions are the
same as in [1], however, for the sake of completeness, we de-
scribe these again. We consider a rigid smooth sphere that
is immersed in an ideal (inviscid, incompressible) fluid. The
fluid extends to infinity in all directions away from the sphere.
Both the sphere and fluid have uniform density and, moreover,
the sphere is assumed to be neutrally buoyant, i.e., its density
is equal to the density of the fluid which, without loss of gen-
erality, can be taken to be equal to unity. The boundary con-
ditions are the matching of the normal velocity (“free-slip”)
conditions on the sphere’s surface and the fluid at rest at infin-
ity. The vorticity field of the fluid is compact and assumed to
be a delta distribution supported onN vortex rings of arbitrary
shape, non-intersecting with each other and the sphere. As
stated before, theN rings can be viewed asN arbitrary smooth
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closed curves inR3.
The sphere is free to move under the instantaneous pres-

sure field induced on its surface by the fluid. The motion of the
sphere in turn induces a motion of the fluid. The velocity field
of the fluid consists, as per the Hodge decomposition [3], of
two parts: (i) the irrotational, Kirchhoff potential field which
satisfies the normal velocity matching condition on the sphere
surface and (ii) the divergence-free, rotational field due to the
N vortex rings in the presence of the sphere with zero normal
velocity on the sphere surface. This second part further de-
composes into two components, namely the velocity field due
to the rings in the absence of the sphere and the velocity field
due to the image vorticity inside the sphere which enforces the
zero normal velocity condition on the sphere surface.

The Lie-Poisson Equations of the Rings–Sphere Sys-
tem.

The Lie-Poisson, or the momentum, equations [3] for the
rings-sphere system are obtained from the Lie-Poisson equa-
tions in [1] by making the following observation. For the
special geometry of the sphere and for the inviscid, free-slip
boundary conditions in this problem, the angular velocity of
the sphereΩ cannot affect and cannot be affected by the dy-
namics of the system. Hence, without loss of generality, set
Ω = 0. Consequently, note that the transformation to the body-
fixed frame is just a translation and involves no rotation of the
frame.

Following these steps the Lie-Poisson equations of the
system are obtained simply as:

dL
dt

= 0, (1)

where

L = MU+ P (2)

with M equal to the mass plus added mass of the sphere,U the
sphere center-of-mass velocity and

P =
1
2

N

∑
i=1

Γi

(∮
Ci

(li(si)× ti(si))dsi

)
+

1
2

∫
∂B

l× (n×uV )dA.

(3)

In the above,Γ i is the strength of theith ring,l denotes the po-
sition vector of points in the body-fixed frame withl = ‖l‖, l i

is l for points on theith ring with li = ‖li‖, Ci is the parameter-
ized curve denoting theith ring in the body-fixed frame,t i is
the unit tangent vector field on theith ring,s i is the arc-length

parameter for theith ring and∂B denotes the surface of the
sphere. The termuV is defined a little later.

Note that for the simple geometry of the sphere the term
P can be written as

P =
1
2

N

∑
i=1

Γi

(∮
Ci

(li(si)× ti(si))dsi

)
− a

2

∫
∂B

uV dA, (4)

using the boundary condition (8) foruV and wherea is the
sphere radius. As in [1], our convention for unit normals is
that they point inwards.

Evolution Equations for the Rings
The evolution equations for the rings are obtained by ap-

plying a fundamental law of inviscid vortex motion, namely
that singular distributions of vorticity (for example rings, point
vortices, and vortex sheets), are convected by the fluid flow,
see [4] (Ch.1 and 2) for more details. In the body-fixed frame,
these equations are

∂Ci

∂t
+ Un

|Ci
=

(
N

∑
j, j �=i

uV, j + ∇Φ B + uI,i

)n

|Ci

+(uSI,i)n , i = 1, · · ··,N (5)

whereuV and∇Φ B are the Hodge components of the total fluid
velocity fieldu,

u = ∇Φ B + uV , (6)

satisfying

∇ 2ΦB = 0 and ∇ ·uV = 0, (7)

in the infinite fluid domainD and the boundary conditions

∇Φ B ·n = U ·n and uV ·n = 0, (8)

on the body surface∂B. Moreover, at infinity∇Φ B,uV → 0.
The termuV, j |Ci

in (5) is justuV due to thejth ring at the loca-

tion of theith ring and is given by

uV, j |Ci
=

Γ j

4π

∮
Cj

t j × (li − l j)ds j∣∣li − l j
∣∣3 + uI, j |Ci

≡ uR, j |Ci
+ uI, j |Ci

,

(9)
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whereuR, j is the Biot-Savart component anduI, j is the velocity
field of the image vorticity associated with thejth ring and is
obtained as the solution to the following (Neumann) problem

∇ ×uI, j = 0 in D, (10)

uR, j ·n = −uI, j ·n on ∂B. (11)

The termuSI,i is the self-induced velocity field of theith ring
on the ith ring appropriately regularized. The superscriptn
in (5) simply means that only the non-parallel components of
the vector field contribute to changes in the curve shape. More
precisely, for any vector fieldX, define its non-parallel com-
ponents onCi by

(X)n = ti × (X× ti) .

Finally, we note thatΦB is the potential function of the Kirch-
hoff field induced by the motion of the body which has a linear
decomposition in terms of the components of the velocityU of
the body center (of mass) (see [5]):

ΦB = φxu+φyv+φzw, (12)

whereU ≡ (u,v,w) and the functionsφx,φy andφz are given
by

φx(l) = − a3x
2 | l |3 , φy(l) = − a3y

2 | l |3 , φz(l) = − a3z
2 | l |3 ,

Thus, the final coupled equations of motion of the dynam-
ically interacting system of a rigid smooth sphere andN vortex
rings of arbitrary shape, in a body-fixed frame, are given by (1)
and (5):

dL
dt

= 0 (13)

∂Ci

∂t
+ Un

|Ci
=

(
N

∑
j, j �=i

uV, j + ∇Φ B + uI,i

)n

|Ci

+(uSI,i)n , i = 1, · · ··,N (14)

Note that the equation for the angular momentum (impulse)A
of the system (see [1]) is decoupled from the above equations
and hence plays no role in the dynamics of the system.

Hamiltonian Structure of the Equations
In this section it will be shown that (13) and (14), have a

Hamiltonian structure relative to the kinetic energy Hamilto-
nian of the system and an appropriate Poisson bracket.

Phase Space of the System.
Before defining the Hamiltonian function we need to de-

fine the system phase space. The system phase space is

P := Pb ×PR ≡ R
3∗ × (S\∆), (15)

wherePb is the reduced phase space of the sphere in the body-
fixed frame and is identified withR3∗, the dual ofR3, which
is in turn identified withR3 using the standard Euclidean pair-
ing. PR is the phase space of the rings in the body-fixed frame
identified with S the space ofN (smooth) closed curves in
R

3\B minus∆, the intersection set of the curves. Note that
the phase space excludes all intersections of the rings amongst
themselves and with the body.

The Kinetic Energy.
Consider the kinetic energy of the rings plus sphere sys-

tem:

K =
1
2

∫
D
〈u,u〉dV +

1
2
〈U,MbU〉 ,

whereMb is the mass of the sphere. Using the Hodge and the
Kirchhoff decompositions, this can be written as

K =
1
2

∫
D
〈uV ,uV 〉+ 1

2
〈U,MU〉 .

As noted previously and discussed in detail in [1],uV has sin-
gularities in the self-induced velocity and this results in the
divergence ofK.

The Hamiltonian function of the system,H : PR → R, is
the kinetic energyK written in terms of the phase space vari-
ables and with the self-induced kinetic energy term appropri-
ately regularized:

H(s,L) =
1
2

N

∑
i=1

∫
D
〈uV,i,

N

∑
j �=i

uV, j〉dV +
1
2

N

∑
i=1

∫
D
〈uR,i,uI,i〉dV

+ HSI +
1
2

〈
L−P,M−1(L−P)

〉
,

(16)

wheres ≡ (C1, ........,CN) ∈ S andHSI is the regularized self-
induced kinetic energy term. In the above, we have used the
fact that

∫
D〈uV,i,uI,i〉dV = 0. Note thatP as defined by equa-

tion (3) is also a function onS .
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Poisson Brackets.
Consider the following Poisson bracket onP ≡ Pb ×PR =

R
3∗ ×S\∆. ForF,G : P → R,

{F,G}P =
{

F |Pb ,G|Pb

}
+{F|Pv ,G|Pv} , (17)

where the first bracket is the trivial bracket and is what the Lie-
Poisson bracket onse(3)∗, see [3], reduces to in the absence of
the rotational subgroup.

{
F̃ , G̃

}
(L) = 0 (18)

for all F̃ , G̃ : R
3∗ −→ R andL ∈ R

3∗.
The second bracket is the canonical bracket associated

with the symplectic form on the phase space of rings/filaments
in R

3 derived by Marsden and Weinstein [6]. As shown in [1],
this is given by

{
F̂ , Ĝ

}
(s) =

N

∑
i=1

Γi

∮
i

(〈
δF̂
δCi

,ni

〉〈
δĜ
δCi

,bi

〉

−
〈

δF̂
δCi

,bi

〉〈
δĜ
δCi

,ni

〉)
dsi,

(19)

≡
N

∑
i=1

Γi

∮
i

〈
δF̂
δCi

× δĜ
δCi

, ti

〉
dsi

for functions F̂ , Ĝ : S −→ R. In the above,ni, ti andbi are
the unit principal normal, unit tangent and unit binormal vec-
tor fields, respectively, along theith ring, and the functional
derivatives are also identified with vector fields along the rings.

Thus, finally, we have:

Lemma. Equations (13) and (14) form a Hamiltonian
system for the Hamiltonian function H, given by (16), on
the Poisson manifold P, defined by (15), equipped with the
Poisson bracket (17).

Proof. The proof follows from the proof for general
smooth body shapes, as given in [1], by applyingΩ = 0 and
H independent ofA everywhere.

Remarks. Note that as in [1] we are again assuming
that a consistency condition relative to the Hamiltonian struc-
ture holds for the regularized self-induction terms. In other
words, the self-induced velocity field satisfiesun

SI = δHSI
δCi

× ti

everywhere on theith ring.

To proceed further with equations (13) and (14) and study
the dynamics, it is useful to first write down expressions for
uI,i (see (9)) which the simple geometry of the sphere allows.
It is also necessary to come up with a choice ofuSI,i which we
discuss later.

Velocity Field of the Image Vorticity.

For the structure ofuI , the potential field outside the
sphere due to the image vorticity, we follow the technique sug-
gested by Knio and Ting [2]. This work, drawing from the
work of Weiss [8] on the image of a potential field in a sphere,
generalizes the work of [9] in that it is applicable to a gen-
eral vorticity field and not just to a field of singular rings or
filaments. It also avoids the issue of having to deal with the
structure of the image vorticity in order to obtainu I .

The approach of [2] relies on the observation that the ve-
locity field of the vorticity in the absence of the sphere is po-
tential in the regionB occupied by the sphere. Thus, Weiss’
formulas for the image of a potential field with singularities
outside the sphere is applicable. This directly gives the image
potential fielduI outside the sphere without having to deal with
the structure of the image vorticity inside the sphere as in [9].
Thus, as per Knio and Ting, for any pointq lying outside the
sphere:

um
I (q)

=
N

∑
i=1

−Γi

4πa

∮
i

〈
Qi(l, li)

∂el

∂xm

+
(
−Xi(l, li)a2xm +Ai(l, li)

〈
eli ,

∂el

∂xm

〉)
el,eli × ti

〉
dsi,

m = 1,2,3
(20)

whereuI = (u1
I ,u

2
I ,u

3
I ), l = (x1,x2,x3)≡ (x,y,z) is the position

vector ofq in a body-fixed frame,e l = l
|l| , eli = li

|li| , a is the

radius of the sphere and̄li =
∣∣l̄i∣∣eli is the position vector of the

reciprocal point corresponding to the point on theith ring with
position vectorli where

∣∣l̄i∣∣= a2/ |li|.

The non-dimensional coefficientsX i ,Qi andAi for each
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ring are defined as follows:

Qi(l, li) =

∣∣l̄∣∣2
|li|
∣∣l̄− li

∣∣( |l̄−li|
|li | +1− 1

|li|2
〈
l̄, li
〉)

Xi(l, li) =
|li|
∣∣l̄∣∣

|l|3 ∣∣l̄− li
∣∣3

Ai(l, li) =

∣∣l̄∣∣3
|li|2

∣∣l̄− li
∣∣

|l̄−li|2
|li|2

+2
|̄l−li|
|li| +1− 〈l̄,li〉

|li|2( |l̄−li|2
|li|2

+ |l̄−li|
|li |

(
1− 〈l̄,li〉

|li|2

))2

Note that the reciprocal points always lie inside the sphere. It
should also be noted that in the above equations the following
identity is used:

∂
∂xi

(
l
|l|
)

=
î
|l| −

xi

|l|3 l

Regularization of the self-induced field.
Due to the singular nature, i.e. lack of cores, of theN rings

there is a well-known singularity in the self-induced velocity
field of each ring (see [4] and [7] for more details). A simple
though somewhat crude fix to regularize the self-induced ve-
locity field is to use the local induction approximation (see ref-
erences cited above for the history of this method). Using this
approximation the self-induced velocity field of theN rings is
obtained as [10]:

uSI,i(q) = uLI,i(q) := −Γiκi(si(q)) log(ci)
4π

bi(si(q)), q ∈Ci,

(21)
wheret, b andκ represent the unit tangent, unit binormal and
curvature fields, respectively, on the rings, andc i is the cut-off
parameter (for theith ring), assumed constant, appearing in
the local induction approximation. Note that the self-induced
kinetic energy term obtained by applying the local induction
approximation,HLI , satisfies the consistency approximation
mentioned earlier i.eun

LI = δHLI
δCi

× ti everywhere on theith ring
(see [10]).

AXISYMMETRIC MODEL
A relatively simple case of the sphere-rings model de-

scribed above is when the constraint of axisymmetry is im-
posed. In such an axisymmetric model, the rings are all circles
that lie in parallel planes and whose centers pass through the

common axis of symmetry which also passes through the cen-
ter of the sphere, as shown in Figure 2. Each ring in such a
model is governed by only two variables, the ring radius and
its position along the axis, and the ring evolution equations (5)
reduce to ordinary differential equations.

Ring-centered coordinates. To study the axisym-
metric sphere-rings model, it is useful to decompose the po-
sition vector of the points on the ring into two parts as follows:

li(s, t) = −Ri(t)ni(s)+ zi(t)b

wherezib is the position vector of the center of theith circular
ring with respect to the origin of the body-fixed frame (note
thatb is the same for all rings) andRini is the vector connect-
ing the center of theith ring to the points on theith ring, Ri

being the radius of the ring. Note that the principal normalsn i

point towards the center of curvature, i.e. towards the axis of
symmetry.

Equations of motion. In the ring-centered coordi-
nates, the termP in (4) becomes

P = Pb, (22)

=

(
N

∑
i=1

ΓiπR2
i −

a
2

N

∑
i=1

Ii(zi,Ri;a,Γi)

)
b, (23)

where

∫
∂B

uV,idA =: Iib (24)

and equation (2) reduces to a relation between scalars

L = MU + P, (25)

whereL =| L | andP =| P |.
Next, we note that due to the axisymmetry of the model,

for j �= i,

uR, j |Ci
= Ni j(Ri,R j,zi,z j;Γi,Γ j,a)ni

+ Bi j(Ri,R j,zi,z j ;Γi,Γ j,a)b

Similarly,

uI, j |Ci
= Ni j(Ri,R j,zi,z j ;Γi,Γ j,a)ni

+Bi j(Ri,R j,zi,z j ;Γi,Γ j,a)b
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and

∇Φ B|Ci
= Ni(Ri,zi;Γi,a)ni

+Bi(Ri,zi;Γi,a)b

Note that none of the fields have a tangential component (i.e.
swirl).

The equations of motion (13) and (14) for this model re-
duce to the following system of ODE in the variables(L,Ri,zi):

dL
dt

= 0, (26)

dzi

dt
=

1
M

(
−L+

N

∑
i=1

ΓiπR2
i −

a
2

N

∑
i=1

Ii(zi,Ri;a,Γi)

)
(27)

+
N

∑
j, j �=i

Bi j +
N

∑
j=1

Bi j +Bi + uLI,i, (28)

dRi

dt
= −

(
N

∑
j, j �=i

Ni j +
N

∑
j=1

Ni j +Ni

)
(29)

Dynamic Orbits.
Preliminary simulations of the axisymmetric model, with

N = 2 and with the ring strengths equal, are shown in Fig-
ures 3, 4, 5 and 6. For all the cases shown,a = 1, L = 0 and
the magnitude of the local-induction velocity (21) is set equal
to a constant over the instantaneous radiusRi of each ring.

In Figures 3, 5 and 6, the rings start on the same side
of the sphere and fairly rapidly settle into a leapfrogging se-
quence while moving away from the sphere. The sphere veloc-
ity at any instant, which is determined by (25), asymptotically
reaches a constant value as the rings move away. Moreover,
in Figures 5 and 6, both rings pass over the sphere and this
passage causes transient oscillations in the sphere velocity. In
Figure 3, on the other hand, the rings do not pass over the
sphere and the oscillations in the sphere velocity are not seen.
In Figure 4, the rings start on opposite sides of the sphere but
one ring passes over the sphere and the two rings eventually
translate together in a direction opposite to that of the sphere
motion.

CONCLUSION AND FUTURE DIRECTIONS
A nonlinear, fully-coupled dynamical model of a neutrally

buoyant sphere interacting with thin vortex rings in an invis-
cid framework is presented in this paper. The Hamiltonian
structure and equations of motion follow from those of a more
general model [1]. Preliminary simulations of dynamic orbits
of the system with the constraint of axisymmetry imposed are
also presented.
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L = 0. THE TOP FIGURE SHOWSzi vs. t, THE MIDDLE FIGURERi vs. t

AND THE BOTTOM FIGUREU vs. t.
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Figure 6. DYNAMIC ORBITS OF TWO AXISYMMETRIC CIRCU-

LAR RINGS AND A NEUTRALLY BUOYANT RIGID SPHERE FOR THE

CASE R1(0) = R2(0) = 1, z1(0) = −3.0,z2(0) = −2.5, Γ1 = Γ2 = 1 AND

L = 0. THE TOP FIGURE SHOWSzi vs. t, THE MIDDLE FIGURERi vs. t

AND THE BOTTOM FIGUREU vs. t.

The qualitative behavior of the dynamic orbits plotted in
Figures 3, 4, 5 and 6 is similar to a 2D version of the axisym-
metric model considered in [11]. However, as stated earlier,
in all these models due to the absence of viscosity certain im-
portant dynamical effects can be missed. For example, in the
experimental study of [12] in which a vortex ring from a pis-
ton cylinder device was made to pass over a neutrally buoyant
sphere in a water tank, PIV measurements showed secondary
vorticity being shed from the sphere surface as the primary
ring passes over it. Thus, a goal for the immediate future is to
extend the models presented in this paper to incorporate such
viscous effects. Another important goal is to do a more de-
tailed analysis of equilibria, stability and bifurcations as was
done in the 2D case (with a circular cylinder and point vortices)
in [11] and [13]. For applications to transport phenomena it is
also important to extend the models to include many (moving)
solid bodies in the flow and, in principle, this extension can
be worked out using similar ideas as in this paper. Develop-
ment of control theoretic models, as in [14] and [15], which
can be important for some of the applications mentioned in the
Introduction, is another avenue of future research.
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